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Abstract
Raman backscattering (RBS) in plasma is the basis of plasma-based ampliﬁers and is important in
laser-driven fusion experiments.We show that saturation can arise fromnonlinearities due to
coupling between the fundamental and harmonic plasmawavemodes for sufﬁciently intense pump
and seed pulses.We present a time-dependent analysis that shows that plasmawave phase shifts reach
amaximum close towavebreaking. The study contributes to a newunderstanding of RBS saturation
for counter-propagating laser pulses.
1. Introduction
Spatially homogeneous Raman backscattering (RBS) is the fastest growing of the Raman scattering instabilities
that frequently occurs when a very long laser pulse propagates through plasma, such as in Raman ampliﬁcation
[1–5] and in laser driven inertial conﬁnement fusion experiments, such as theNational Ignition Facility (NIF)
[6, 7]where it has a role in preheating the fuel pellet and degrading the implosion symmetry. In Raman
ampliﬁcation, a long (pump) laser pulse, with frequency 0X andwave number k ,0 is back scattered by a plasma
wave ( ,pX kp) into a shorter counter-propagating (seed) laser pulse ( ,sX ks). The threewaves need to satisfy the
resonance conditions s 0 pX X X  and k k k ,s 0 p  where e n mp 2 0 0 1 2ɛ( )X  with n0 the plasma
electron density, 0ɛ the permittivity of free space andm and e being the electron restmass and charge,
respectively.
RBS growth and saturation has been extensively studied in theweakly coupled regime, at lowpump laser
intensities a 1,0
2
p 0X X  where the growth rate is given by a 20 0 p 1 2( )X X(  [8], and
a 7.32 100
2 19
0 (M Nq  m I0) (Wcm 2) is the normalized intensity, 0M the laserwavelength and I0 the
intensity. For high pump intensities, a 2 ,0
2
p 0X X the threewaves are strongly coupled and
a3 16p 0 p
1 3
0
2 3[ ( )]X X X(  [1]. Awell deﬁned growth rate in the linear regime has enabled theoretical
[9–16] and experimental [17–19] progress in understanding theRBS saturationmechanism, especially in the
nonlinear regime. Previous studies have shown that RBS can saturate via competing physical processes such as
wavebreaking [9, 20–22], pumpdepletion [23] and relativisticmass change of plasma electrons [10, 12–14, 24] in
both the linear and nonlinear regimes.
Nonlinear Raman ampliﬁcation has been demonstrated experimentally e.g. seed pulses have been ampliﬁed
to 2 1013x q Wcm−2 (from an initial intensity I 6 100 11x q Wcm−2) and 1.3 1016x q Wcm−2
(I 1.3 100
12x q Wcm−2) by pump lasers with intensities 9 1012q Wcm−2 and 2 1014q Wcm−2
respectively [2, 25, 26], for plasma densities n1 10 3 1019 0
20- -q q cm−3. In these experiments,
ampliﬁcation and pumpdepletion are accompanied by seed pulse compression, which leads to high intensities
and an increasedwaveform steepness due to the high oscillation amplitude of the plasmawave.Nonlinear
plasma-wave theory predicts that steepened plasma density perturbations include harmonics with amplitudes
that increase relative to the fundamental plasmawave [27–29]. An early experiment provided evidence of plasma
wave harmonicmodes [30].Moreover, a numerical study of nonlinear plasmawaves has shown that second
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harmonic plasmawaves strongly inﬂuence the time evolution of the fundamental through a resonantwave–
wave interaction [31].
In this paper,we investigate nonlinear growth and saturation ofRBS in a parameter regime characterized by
high density, cold, homogeneous andunderdense plasmawith intense initial seed andpump laser pulses.
Parameters havebeen chosen to: (i) allow the seed to quickly enter the nonlinear pumpdepletion regime; (ii)
ensure rapid saturation of nonlinearRBS to avoid development ofRaman forward,modulational andﬁlamenation
instabilities; (iii) set a highwavebreaking limit for the slowplasmawave (responsible forRBS,where
v c c2p p 0X Xx  ), whichhas a signiﬁcantly lowerwave breaking limit comparedwith the fast plasmawave
(v cp x ); and (iv) avoidLandaudamping,which is higher in lowdensity,warmplasma [32]. In this regime, beating
between the pumpand seedpulse drives large amplitude plasmawaves that includeharmonicmodes [30, 33].We
show, for theﬁrst time, howcoupling between the pX and 2 pX plasmawavemodes feedback into the pX mode,
leading to a plasmawavephase shift. This phase shift then competeswithpumpdepletion andwavebreaking as
mechanismsofRBS saturation. It should be noted that thepresentwork is different from the study of the four-
wave instability in [34], where coupling between slowand fast plasmawaves is considered for twocounter-
propagating laser pulseswith 2 ,0 s pX X X X%    which does not allow 2 pX modes to beproduced.
Weﬁrst present a theoreticalmodel taking only the time-dependence into account, to identify and analyze
the origin of the plasmawave phase shift. The structure of this paper is as follows: In section 2, a theoretical
model to investigate coupling between fundamental and harmonic plasmawavemodes is presented. Section 3
uses a 1D averaged particle-in-cell (PIC) code (aPIC) and a numerical analysis to study the nonlinearity arising
from coupling between pX and 2 pX plasmawavemodes.We also show the interplay betweenwavebreaking,
pumpdepletion and the nonlinearity due to coupling between pX and 2 pX plasmawavemodes at saturation.
Conclusions are presented in section 4.
2. Theoreticalmodel
Consider the electricﬁelds of the pump, seed and plasmawaves propagating through the plasma, to be given by
E r t e E, 2j j j( ) ( ˆ )[ exp k r ti c.c. ,j j( · ) ]X  where j  0, s, p represents the pump, seed and plasma
waves, respectively, and k e, ,j j jˆX andEj are the propagation vector, frequency, polarization vector and the
slowly varying amplitude of the threewaves. Thewave equation in plasma is
E r E r J rt c t t, , 4 , , 1t t
2 2( ) ▿ ▿ ( ) ( ) ( )Qs  q q   s
where E r E E Et, 0 s p( )( )   is the total electric ﬁeld vector, with the individual ﬁelds satisfying
E E 00 s▿ · ▿ ·  and E 0,p▿ q  and J vne  is the plasma current carried by the electronsmoving
with velocity v r v v vt, .0 s p( )( )   The cold relativistic ﬂuid equations are given by
v E v Be m et ( )Hs    q v v vmc ( · ▿) ( )H H  dt( )H and vn n n n 0,t 0 0( ) ▿ · [( ) ]E Es    
where B B B0 s( )  is the lasermagnetic ﬁeld vector with B k Ec ,0,s 0,s 0,s 0,s( ) X q nE is the perturbed
plasma density and v c1 22 2 1( )H x   is the relativistic factor. Using the cold relativistic ﬂuid equations, the
rhs of equation (1) to third order in the ﬁelds is
J E v v E v
v v v v v
en e m e mc
E mc e n
2
2 . 2
t
2 2
2 2
[ ▿∣ ∣ ( · )
∣ ∣ (▿ · )] ( · ▿ ) ( )E
s   
  
Equation (2) gives the linear andnonlinear current densities due to the threewaves. Since the velocities of the
plasma electrons under the inﬂuence of electricﬁelds Ej is v r t ee m, 2j j j( ) ( ˆ )X
k rE ti exp i c.c. ,j j j[ ( · ) ]X   for linearly polarizedpumpand seed, assuming that theplasmadensity
perturbations obey Poisson’s equation En e4 ,p( ▿ · )E Q  wecan substitute equation (2) into equation (1), to
obtain the time dependent [10, 12, 34]nonlinearmode-coupled equations for the slowly varying amplitudesEj as
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where A ek m e mc A ck4 , 2 , 3p p 0 s p p sX X X Y I YX X   and c k1 8 .2 02 p2( )S X  In the nonlinear
source ( Ej
3r ) on the rhs of the set of equations (3), the terms Ep3r are obtained from v ve np p( · ▿ )E in the last
termon the rhs of equation (2), and account formode coupling between 2 pX (arising from v np · ▿E ) and pX
plasmawavemodes, while the remaining terms are due to relativistic effects. For electric ﬁeld amplitudes of the
form E t t texp i ,j j j( ) ( ) ( ( ))F B where jF and jB are the real amplitudes and phases respectively, the set of
equations (3) describes the nonlinear coupled time dependent evolution of amplitudes and phases of the three
waves, includingmode coupling and relativistic effects, but disregarding any propagation effects.
3.Numerical and simulation results
Todemonstrate how thepresence of plasmawaveharmonics leads tomode coupling nonlinearities as predicted by
the set of equations (3), weﬁrst present 1D simulationsusing the code aPIC [35], where an inﬁnitely longpump
beam interactswith a short duration counter-propagatingGaussian seed pulsewith full width at halfmaximum
(FWHM)durationof 20 fs. It shouldbenoted that the initial short seedpulsewill broaden as it gets Raman
ampliﬁed [1, 3, 5], leading to seed FWHMdurations signiﬁcantly larger than theplasmawaveperiod.This ensures
the applicability of the threewave couplingmodel in the given parameter regime, as long as the comparisonwith
the simulations is restricted to the leading edge region (LER)of theprobe, since propagation effects are not
included in themodel. Figure 1(a)presents a snapshot from the simulation showing resonant interactionbetween
Figure 1. (a)A snapshot from simulations showing the evolution of the seed (blue curve), pump (red curve) and plasmawave (green
curve) for a0= as= 0.04,ω0= 1.8×10
15 rad−1,ωs= 1.35 × 1015 rad
−1 andω0 ωp= 4. (b)The spatial Fourier transformofEp of the
seed leading edge region (30–50 μm) in ﬁgure 1(a), normalized (by vp pX ), as a function of the harmonic plasmawave number hk, (c)
variation of the seed leading edge peak aswith time for the entire simulationwith point (g) showing the time at which snapshot in
ﬁgure 1(a)was taken; (d) temporal Fourier transformofEp for the interval between points (f) and (g) inﬁgure 1(a), as a function of the
harmonic frequency hX normalized toωp.
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thepump (dashed-red curve) and seed (solid-blue curve)pulses alongwith the generatedplasmawave (solid-green
curve). Figure 1(b) shows the Fourier transformof Ep in the seedLER extending from front (right edge)of the
simulationwindow to the locationof the seed leading edge peak as inﬁgure 1(a). Theplasmawaveharmonic
modes are clearly evident in theLERof the seedwhere there is resonant interactionbetween the threewaves.
Furthermore, in order to demonstrate the existence of plasmawave oscillations at 2 ,pX wealso present the
temporal Fourier transform (for the interval betweenpoints (f) and (g) inﬁgure 1(c))of Ep inﬁgure 1(d). The
ﬁgure clearly showsplasmawave oscillations at harmonic frequencies. Existence of the plasmawaveharmonic
modeshas beendemonstrated in early experiments byUmstadter et al [30]. Figure 1(c) shows the variation of the
seed leading edge, peak aswith time,where the point (g) shows the time atwhichﬁgures 1(a) and 1(b) are obtained.
Figure 2. (a)–(g) Spatial Fourier transforms ofEp in the entiremovingwindow region in snapshots (corresponding to points (a)–(g) in
ﬁgure 1(c)) from simulation in ﬁgure 1. The ﬁgures show the change inmagnitude of normalized (by vp pX ) harmonic plasmawave
numbers hkwith time.
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The set ofﬁgures 2(a)–(g) show the evolution of the fundamental and harmonic plasmawavemodes
corresponding toﬁgure 1. Theﬁgures show that during the initial stage (ﬁgure 2(a)) of interaction only the
fundamental plasmawavemode is observed. However, as the plasmawave grows in amplitudewith time (along
with the seed inﬁgure 1(c)), the harmonics of plasmawave appear (ﬁgure 2(b)) and increase inmagnitude along
with the fundamental till they become almost constant close to saturation (ﬁgure 1(c)) and then decrease. Also, it
can be observed from theﬁgures 1(b) and 2(g) that the restrictedwindow for the Fourier transformof the seed
LER region (ﬁgure 1(b)) leads to lowermagnitude fundamental and harmonic plasmawavemodes compared
with the case where the entiremovingwindow is used (ﬁgure 2(g)). Numerical solutions of equations (3), for the
parameters used in the simulations, are presented inﬁgure 3. The initial amplitudes and phases inﬁgure 3 are,
respectively, a mc e a mc e, , 0.0100 0 0 s0 s s p0 00F X F X F F   and 0.s p00 0 0B B B   Figure 3(a) illustrates
how the seed and plasmawave amplitudes grow to saturation, while satisfying theManley–Rowe relations. The
possiblemechanisms of saturation in the regime explored are the nonlinear phase shift of the plasmawave due to
coupling between pX and 2 pX modes, wavebreaking and pumpdepletion (loss of energy frompump to seed).
Wavebreaking is deﬁned as ‘the loss of periodicity in at least one of themacroscopically observable quantities’,
such as the plasmawave electric ﬁeld amplitude Ep. In terms of particle trapping, this occurs when a signiﬁcant
population of background plasma electrons are trapped [20]. Since the set of equation (3) cannot describe
wavebreaking, we have used 1D aPIC simulations to verify this.
For the cold plasma used in the simulation (ﬁgure 1) and the theoretical analysis (ﬁgure 3), thewavebreaking
limit is E mc e 2 1 115pmax p p
1 2( )[ ( )]X H  x GVm−1, where v c1p p 2 1 2[ ( ) ]H    is the Lorentz factor
relating to the phase velocity of the plasmawave [22]. Figure 1(a) shows that the peak plasmawave amplitude
(green curve) of the seed LER is 88x GVm−1, which is consistent with the theoretical predictions of 80 and
90 GVm−1 in the presence and absence of the nonlinearities, respectively, at saturation inﬁgure 3(a). As these
values are signiﬁcantly lower than thewavebreaking limit, for the two cases presented inﬁgure 3, wavebreaking
Figure 3.Evolution of (a) amplitudes and (b)phases with (crosses) andwithout (solid curves) plasmawavemode coupling and
relativistic nonlinearities, for a0= as= 0.04,ω0= 1.8×10
15 rad−1,ωs= 1.35×10
15 rad−1 andω0/ωp= 4.
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can be ruled out as amechanism for saturation. This is clear in the phase space analysis of plasma electrons
presented inﬁgure 4, at the same time step asﬁgure 1(a). The blue-dotted curves in the ﬁgure show that in the
seed LER (ﬁgure 4(a)) there is no particle trapping.However, in themid (ﬁgure 4(b)) and tail (ﬁgure 4(c))
sections of the phase space, background plasma electrons are trapped by the plasmawave, and their number
increases from the seed pulse leading edge to the tail region. For the given plasma density and approximately an
order ofmagnitude lower pump and seed intensities (non-relativistic) 1DPIC simulations presented in [36]
show similar trapping for thermal plasmawith a temperature of≈50 eV. The solid-red curves show that,
although a small fraction of background plasma electrons are trapped, the corresponding collective plasma
electron oscillations (leading toEp) preserve their periodicity in the three regions, thus clearly proving that
wavebreaking does not occur. Figure 3(a) shows that in presence of nonlinearities due to coupling between pX
and 2 pX plasmawavemodes and relativistic effects (crosses), RBS saturates at early times comparedwith the case
where nonlinearities are neglected (solid curves).
Figure 3(b) shows that there is a signiﬁcant shift in the plasmawave phase pB due to themode coupling
nonlinearities during saturation, whereas without them thewave phases do not change (solid-black curve).
Figure 3(a) shows that switching off themode coupling and relativistic nonlinearities leads to complete pump
depletion (solid-green curve), which is reduced to 65%x (cross-green curve)when the nonlinearities are
included. This leads to a reduction of themaximum seed and plasmawave amplitudes by 20%and 35%when
nonlinearities are present, comparedwith the casewhere they are absent. This is due to the plasmawave phase
shift, which detunes the resonant threewave system and reduces backscattering of the pump (lower pump
Figure 4. (a)Dotted-blue and dashed-red curves respectively showing normalized longitudinal velocity (uz) of plasma electrons in
phase space and the location of seed pulse in themovingwindow corresponding to simulations presented inﬁgure 1. (b) shows uz
(blue-dotted curve) andEp (solid-red curve) in the leading edge, while (c) and (d) show the same in themid and tail regions,
respectively.
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depletion) into the seed, while in the absence of the nonlinearities the system is perfectly tuned and leads to
complete pumpdepletion. Further, as will be shown later, among the two nonlinearities, relativistic effects are
not signiﬁcant for these cases. An important new observation in the present regime is that the saturation time is
signiﬁcantly smaller than observed in previous studies [10, 12, 24] that included a noise source as and
considerably higher a0. This can be explained, in the present regime, because the initial seed is sufﬁciently
intense, even for low pump a0 (comparedwith the previous studies) the ponderomotive beat between a0 and as is
strong, which drives a large amplitude plasmawavewith 2 pX mode that couples with pX mode causing the
plasmawave phase shift, which saturates RBS at an earlier time. It should be noted that in the present case, for
ampliﬁed seed as and a0 smaller than in the previous studies, relativistic effects are weak (as shown below). For
the case of RBS seeded by noise, even though a0 is large the ponderomotive beat is weak until the timewhen the
seed is signiﬁcantly ampliﬁed (which delays saturation). However, when as has been ampliﬁed signiﬁcantly,
because of the higher a0 (comparedwith the current regime) relativistic effects become important in causing the
phase shift. Also, recent studies [13, 14] have shown that for pump intensitiesmuch lower than that used in the
present and previous [10, 12, 24] studies, the seed can be ampliﬁed to ultra-high intensity ( 1018x Wcm−2),
which is an order ofmagnitude higher leading to saturation due to relativistic effects.
Figures 5(a) and (b), respectively, show the evolution of the plasmawave amplitude and phase (from
equation (3)) for different plasma densities (all other parameters are the same as those used forﬁgure 1) in the
presence ofmode coupling and relativistic nonlinearities. Theﬁgures show that for denseplasma ( 2.00 pX X  ),
where thewavebreaking limit is high, and for the same initial pump and seed amplitudes, the plasmawave phase
shift (ﬁgure 5(b)) is reduced thus taking a longer time to saturate. This allows the plasmawave to grow to a large
amplitude (ﬁgure 5(a) solid curve) before saturation. Lowering the plasma density ( 40 pX X  and 7) leads to an
enhanced plasmawave phase shift, which causes saturation at an earlier time, leading to lower amplitude plasma
waves.However, for the 7,0 pX X  ﬁgure 5(a) shows that the plasmawave amplitude at saturation is
37 GVm−1, which exceeds thewavebreaking limit of 34 GVm−1.Wavebreaking is therefore themain
Figure 5.Temporal evolution of (a) amplitudes and (b) phases of the plasmawave in presence ofmode coupling and relativistic
nonlinearities with variation in plasma density for a0= as= 0.04 andω0= 1.8×10
15 rad−1.
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mechanismof saturation, which occursmore quickly compared to saturation due to the plasmawave phase shift
[9]. This can be veriﬁed fromﬁgure 6, where the dotted-blue and dashed-red curves inﬁgure 6(a) show,
respectively, the electron phase space for 70 pX X  and the location of seed pulse in the simulation box. It is
observed from the dotted-blue curves in the ﬁgure, that a signiﬁcant fraction of background plasma electrons are
trapped in the seed LER region (ﬁgure 6(b)), and signiﬁcantly enhanced in themid (ﬁgure 6(c)) region, while
almost all plasma electrons are trapped in the tail (ﬁgure 6(d)). The corresponding solid-red curves in the ﬁgures
show thatmoving from the leading edge towards the tail region, increased plasma electron trapping leads to
disruption of the periodicity in the collective plasma electron oscillations (observed asEp), which eventually
collapses and loses its structure in the tail region, which conﬁrms the presence of wavebreaking. It should be
noted that in such a strong particle trapping regime frequency shifts due to trapped particles [37] can also
become important for non-relativistic seed and pump inwarmplasmas and it can increase with the increase in
temperature [36]. Inﬁgure 7 plasmawave phase evolution is plottedwith (dashed-red curve) andwithout (solid
curve) relativistic effects (using equation (3)), for a a 0.080 s  (blue curves) and 0.04 (green curves). The
ﬁgure shows that themode coupling nonlinearity is the dominant physical process leading to a shift in the
plasmawave phase in this parameter regime, where the pump and seed intensities are low and relativistic effects
[10, 12, 24] (dashed curves) onlymildly reduce the plasmawave phase shift (by 6.6% and 7.3% respectively for
a a 0.080 s  and 0.04).
Figure 6. (a)Dotted-blue and dashed-red curves respectively showing normalized longitudinal velocity (uz) of plasma electrons in
phase space and location of seed pulse in themovingwindowof 1 d aPIC simulations for 70 pX X  casewith other parameters same
as used inﬁgure 1. Starting from the right edge (b) shows uz (blue-dotted curve) andEp (solid-red curve) in the leading edge, while (c)
and (d) show the same in themid and tail regions, respectively.
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4. Conclusions
In this paper, using 1D simulations for the laser-plasma parameters relevant to Raman ampliﬁers operating in
the nonlinear RBS regime [2, 26], we show the existence of plasmawave harmonicmodes in the LER of the seed
pulse. Using a threewavemodel and a time-dependent analysis we identify a new physical process i.e. coupling
between the fundamental pX and harmonic 2 pX plasmawavemodes, which can contribute to the nonlinear
source driving the three resonant waves in RBS via higher order interactions. Such a nonlinearity is shown to
excite a plasmawave phase shift that detunes the resonant threewave RBS process, leading to its saturation. In
the regime of interest, the plasmawave phase shift due to coupling between the pX and 2 pX plasmawavemodes
is shown to dominate other physical processes such as wavebreaking, relativistic effects and pumpdepletion in
saturation. The study shows that for sufﬁciently intense laser pulses and dense plasma, the nonlinearity arising
from coupling between the pX and 2 pX modes can saturate RBS before the occurrence of wavebreaking.
However, in the case of low density plasmas, as was also shown in earlier studies [9], wavebreaking dominates as
the saturationmechanism. An important observation is that in the current regimewith sufﬁciently intense seed
and pumppulses, the nonlinear phase shift is caused primarily due to coupling between pX and 2 pX modes, and
relativistic effects onlymildly affect the phase shift. The study shows that RBS saturates at an earlier time
comparedwith previous regimes (using noise as a seed, and signiﬁcantly higher pump intensity) [10, 12, 24]
where the saturation time is longer and the relativistic effects play an important role.
Furthermore, in the present case (with pX X%  ) the laser intensity threshold for the excitation of a fast
plasmawave is signiﬁcantly higher comparedwith the four-wave instability case (with 2 pX X%  ) [34]. As a
consequence, no fast plasmawaves are observed until saturation (this can be seen from the simulation results in
ﬁgure 1) in the present regime of study.However, for Raman ampliﬁers operating in regimeswhere the seed
becomes intense (due to ampliﬁcation) and begins to drive a fast plasmawave, a small frequency shift due to
coupling between slow and fast plasmawaves is introduced, whichwe expect will add to the frequency shift due
to coupling between the pX and 2 pX plasmawavemodes and relativistic effects, which saturates RBS. Similar
coupling between fundamental and harmonic ion acoustic waves could also play an important role in the rapidly
emerging ﬁeld of pulse ampliﬁcation using strong-coupling stimulated Brillouin Scattering [38, 39], since it has
been shown that harmonics of ion acoustic waves can be present during Brillouin scattering process [40].
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Figure 7.Plasmawave phase evolution in presence (dashed curve) and in absence (solid curve) of the relativistic effects for
a a 0.080 s  (blue curves) and 0.04 (green curves), for 1.8 100 15X  q rad−1, and 2.0 pX X 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